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The problem of describing the set-theoretic complete intersection ideals in 
polynomial rings or the set-theoretic complete intersection varieties in the 
afftne or projective space has recently aroused a renewed interest. 
Considerable progress has been made in the case of curves by Ferrand and 
in case of surfaces by Murthy [6]. Moreover in the finite characteristic case 
the very interesting results were obtained by Ferrand [5] and Cowsik and 
Nori [4]. Nevertheless the following problem of Murthy remains open: Is 
every locally complete intersection subvariety of the affine space a set- 
theoretic complete intersection? 
In [ 1 ] we were able to prove that it is so in case the conormal bundle is 
trivial. In this paper we shall prove (among other things) that the problem of 
Murthy has still a positive solution if we require only the conormal bundle to 
be a direct sum of torsion bundles of rank one. For any ideal Z of a ring R 
(commutative and noetherian) ara, I will denote in the sequel the least 
number n with the property that there exist x1, x2,..., x, E R such that 
rad Z = rad(x, , x2 ,..., x,), where rad denotes the radical of the respective 
ideal. In case there is no danger of confusion we shall simply write ara I. 
1. STABILITY OF ara1 UNDER SOME L~CALIZATIONS 
THEOREM 1. Let I be an ideal of R and let S denote the multiplicative 
system consisting of all s E R such that (I, s) = R. Then araRs Is < araR I < 
1 + araR, Is. Moreover if all the projectives over R are free then ara, Z= 
araRs I,. 
Remark. In view of the Quillen-Suslin Theorem which states that all the 
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projectives over R = k[X,, X, ,..., X,] are free (k-any field), the second part 
of Theorem 1 reduces the problem of calculation (estimation) of araR Z to 
that of araRsZS. ara,,Z, seems to be easier to estimate than ara, Z since by 
definition of S, Z, is contained in the Jacobson radical of R,. So the problem 
becomes reduced to the somewhat “local” case. 
Proof of Theorem 1. The inequality araR, Is < araR Z is obvious. We 
shall prove the right hand inequality. Suppose araRsZ, = k. It follows that 
there exist x,,x* ,..., k x E Z, s E S, and a number n such that sZ” c 
( x1,x ?,..., xk). Since s is comaximal to I” we have s’ + rs = 1, where s’ E I” 
and r E R. We infer that I” = s’l” + rsl” c (xi, x2,..., xk, s’). It follows that 
ara,Z<k+ 1. 
Suppose now that all the projectives over R are free. Put K = 
( x,, x2 ,..., xk, s’). If k = 0 then K = (9) is a direct summand of R. We get 
that K = (s’) = 0 since s’ E I”. So ara, Z = 0. 
Let k > 0. We have ss’ E (xi, x2 ,..., xk). So K, = (x,, x2 ,..., xk). Moreover 
(K, s) = R since (s’, s) = R. By [ 1 ] there exists an ideal J of R such that 
rad J = rad K and .Z is a homomorphic image of a projective R-module of 
rank k. Since all the projectives are free .Z = (yi, y2,..., yk) (say). We get that 
rad Z = rad K = rad(y,, y2,..., yk) and ara, Z < k which was to be proved. 
2. SYSTEMS OF PARAMETERS OF GRADED RINGS 
Let A = 0 i>0 Ai be a graded ring. We shall always assume that A, is 
commutative, noetherian and A is a finitely generated A,,-algebra. In the 
sequel A + will denote @ !>,, A,. We define l(A) as the least number k with 
the property that there exist homogenous elements x, , x1,.,., xk E A + such 
that (A t)n c (x1,x2,..., xk) for some n. A system of elements xi, x1,..., xk 
will be called a homogenous system of parameters. By [8], (A+)” c 
( x,, x2,..., xk) is equivalent to the fact that A is a finitely generated 
A,[x,, x2 ,..., x&module. 
Remarks. (1) If A,, is a field then Z(A) = dim A by the homogenous 
Noether normalization lemma. Note that the assumption on A,, being infinite 
is superfluous ince we do not insist on having parameters of degree one. 
(2) Let Z be an ideal of a local ring (R, m) which has an infinite 
residue field. Northcott and Rees have defined Z(Z) as l(A), where A = 
@ i>O Z’/mZ’. Moreover they have proved that Z(Z) which they call an 
analytic spread of Z is equal to the minimal number of generators of a 
minimal reduction of Z [ 71. This motivates our notation l(A), where A is an 
arbitrary graded ring. 
We recall that Proj A denotes the space of all homogenous prime ideals of 
A = o*,o A, which do not contain At with the Zariski topology. 
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PROPOSITION 2. Let A = ai,,, A, be a graded ring. Then 
Z(A)&dimProjA + l<dimA. 
Proof Let P,, P, ,..., P, be a chain of relevant homogenous primes ofA. 
Put q=pknA,. Then q@A + is a prime ideal of A strictly containing pk. 
This proves the right hand inequality. Let dim Proj A = -1. Then all the 
minimal primes of A (which are homogenous) contain A+. It follows that A + 
is a nilpotent ideal and l(A) = 0. Let now dim Proj A < n with n > 0 and let 
p, ,pz,...,pk be the set of all minimal relevant homogeneous primes ofA. By 
[8], there exists a homogenous element x such that deg x > 0 and x @pi for 
1 < i < k. Then dim Proj A/(x) < n - 1 and by the inductive hypothesis there 
exist homogenous elements x2 ,..., x, E A + such that their images in A/(x) 
generate an ideal which contains some power of A+/(x). It follows that the 
ideal (x,, x2 ,..., XJ contains some power of A + and l(A) < n which was to 
be proved. 
Remark. In the sequel only the inequality l(A) < dim A will be used. Put 
A = k[X, Y]/(Y*) with k an arbitrary field. We define the grading of A by 
putting degX=O and deg Y= 1. Then I(A)=0 and dimA= 1. So the 
inequality 1(A) < dim A can be strict. 
Let I and J be ideals of R. We define G(I, J, R) = Ci&, I’/JI’. In case 
I= J we put simply G(I, R). 
PROPOSITION 3. Let I c JC R, where J is contained in the Jacobson 
radical of R. Then ara I < Z(G(I, J, R)). 
Proof: Let 1(G(I, J, R)) = k. Then there exist xi, x2,..., xk such that 
xi E I” and a number s such that IS c (xi ,..., xk) + JP. By the Nakayama 
lemma I” c (x i ,..., xk). So ara I < k. 
3. APPLICATIONS 
We shall need the following result of Brodmann [3]. 
THEOREM 4. Let I c J be ideals of R. Then 
(1) depth, R/I” takes a constant value depth&, R) for large n. 
(2) dim G(I, J, R) Q dim R - depth,(I, R). 
THEOREM 5. Let I be an ideal of R. Then ara I Q Z(G(I, J, R)) + 1, 
where J is an ideal containing I such that J/I is contained in the Jacobson 
radical of R/I. Moreover if all the projectives over R are free, then ara I < 
I(G(I, J, R)), where J is an ideal having the same properties as mentioned 
above. 
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Proof. Let again S = {s E R ] (I, s) = R }. The maximal ideals of R, 
correspond bijectively to the maximal ideals of R which contain I. Let .I 
satisfy the assumptions of Theorem 5. Than Js is contained in the Jacobson 
radical of R,. By Proposition 3, ara I, < l(G(IS, J,, R,)). Moreover 
G(AJ,R)=W,,J,,R,) since the elements of S act invertibly on the 
components of G(I, J, R). To finish the proof one has to invoke the 
Theorem 1. 
Remarks. (1) It follows easily from the Nakayama lemma that 
l(G(1, J, R)) = Z(G(I, R)). 
(2) The above theorem can be regarded as a globalization of a small 
part of the Northcott-Rees theory of minimal reductions in local rings. 
COROLLARY 6. With the assumptions of Theorem 5 we have ara I < 
dim R + 1 - depth,(I, R). Moreover if all the projectives over R are free then 
ara Z < dim R - depth,(Z, R). 
Proof. Combine Theorem 5, Proposition 2 and Theorem 4. 
Remark. Corollary 6 is a slight refiniment of van der Waerden’s result 
and the result in [2], respectively. Unfortunately this refinement is of no use 
in the case of affine domains since in that case we have depth,(I, R) = 0 for 
any J satisfying the assumptions of Theorem 5. 
THEOREM I. Let I be a locally complete intersection ideal of R = 
k[X,, X2,..., X,,] of height k. Suppose I/I2 is a direct sum of rank 1 
projectives which define torsion elements of Pic(R/I). Then I is a set-theoretic 
complete intersection ideal. 
Proof G(I, R) = S(I/12) - the symmetric algebra of I/12. Furthermore 
S(I/I’) N @=, S(P,) with PI)s projective of rank 1. l(S(P,)) = 1 for 1 < i Q k 
since the tensor and symmetric powers coincide for projectives of rank 1. It 
follows that I(G(I, R)) = 1(S(I/Z2)) Q k. To finish the proof one has to invoke 
the second part of Theorem 5. 
Remark. The problem of determining l(S(P)), where P is a projective R- 
module seems to be interesting and at the same time very hard. In general 
one has rank P < /(S(P)) < v(P) -the minimal number of generators of P. 
Of course from our point of view the most interesting case is when Z@(P)) = 
rank P. In case P is of rank 1 one can easily prove that [(S(P)) = 1 if and 
only if P defines a torsion element of Pit R. What about the rank > 1 case? 
We even have not been able determine whether Z@(P)) = 2 or 3 in case P is 
a projective module over R = IR[X, Y, 21/(X’ + Y2 + Z2 - 1) corresponding 
to the tangent bundle of a two-dimensional sphere. 
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